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1 ARITHMETICS AND CODE GENERATION

In the main content of the paper, we introduce the mathematical ex-
pressions for implicit points and part of the indirect offset predicates.
In this supplementary, we explain how to use arithmetic filtering
techniques to quickly and exactly evaluate predicates and provide
details on generating code for this evaluation.

We briefly review the process of evaluating indirect offset predi-
cates that receive any combination of explicit and implicit points.
We first evaluate the terms of the implicit points’ expression, f+1/d,
and determine the sign of d. Next, using the explicit points’ coor-
dinates and the implicit points’ evaluated values, we evaluate the
predicate A = A/D and determine the sign of A. Here, D is the prod-
uct of all d values for the implicit points, and its sign is determined
by the previously determined signs of d.

We use a three-stage arithmetic filtering model to determine the
signs of d and A in the above process: floating-point arithmetic
(semi-static filtering), interval arithmetic (dynamic filtering), and
floating-point expansion arithmetic (exact). In the semi-static filter-
ing stage, a static numerical error analysis is applied to the expres-
sion of implicit points and predicates to obtain the static numerical
error bounds (&) for results such as A, d, and A [Meyer 2008]. Briefly
introducing the analysis, it assumes the value bound of each input
(e.g., coordinates of explicit points and coordinates involved in the
construction of implicit points) to be 1 and the numerical error of
each input to be 0, and then propagating the value bounds and errors
according to the computation process of the expression, resulting
in the final numerical error bounds for results. Automated analy-
sis tools are provided in previous works [Attene 2020; Lévy 2016;
Meyer 2008] and in our open-source project, too. After obtaining the
static error bound ¢y, semi-static filtering scales the ¢ to the actual
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error bound ¢ based on the actual value bounds § of inputs, typi-
cally resulting in an expression of the form ¢ = ¢y8". Finally, if the
magnitude of the value calculated using floating-point arithmetic is
greater than the actual error, the sign of the value is guaranteed to
be accurate. Otherwise, the next stages are used to determine the
sign.

In the latter two stages, interval arithmetic [Bronnimann et al.

1998; Hemmer et al. 2023] and floating-point expansion arithmetic [Lévy

2016] are used to compute the expression and reliably determine
the sign of the result. The former computes the possible intervals
within which the intermediate and final results lie and checks if the
result interval’s sign is unambiguous. The latter uses floating-point
expansion to exactly represent all intermediate and final results,
allowing for an accurate determination of the result’s sign.

We convert the three-stage arithmetic filtering process for implicit
points and predicates from mathematical expressions into C++ code.
The mathematical expressions of implicit points are introduced in
the main content of the paper, and the mathematical expressions
of all used predicates are listed in Section 2 and 3. By expanding
the mathematical expressions into a series of binary operations,
we can directly convert them into floating-point arithmetic code.
After the floating-point computation is completed, we evaluate the
maximal magnitude of the inputs, scale the error bound obtained
by the automated analysis tool to the actual error bound, and deter-
mine the sign by comparing the result value with the actual error
bound. Similarly, by using interval number types and floating-point
expansion types with overloaded operators, we can directly convert
the expressions into interval arithmetic code and floating-point ex-
pansion arithmetic code, then determine the sign of the result after
the computation is complete. We develop this conversion tool based
on Attene’s tool [Attene 2020] and provide it in our open-source
project.

2 GENERALIZED ORIENT2D

We list the expression and semi-static filters for the generalized
orient2d predicates with different combinations of implicit points
in indirect offset predicates. We only display predicates on the or-
thogonal plane XY since the expression and filters are essentially
the same across different planes. We group combinations of implicit
points based on how many implicit points are contained in the
combination. Combinations containing 1, 2, or 3 implicit points are
abbreviated as “IEE”, “IIE”, and “III”, respectively, where “I” repre-
sents implicit points and “E” represents explicit points. “I” can be
replaced with specific types of implicit points (LLI as “S”, LPI as “L”,
and TPI as “T”) to represent specific implicit point combinations.
Predicates with the same number of implicit points have the same
expressions but different filters.
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orient2d_XY_IEE(pr1, pE2, pE3) = sign(A)sign(dry)

A =(dn(Brix — PE3x) + Anx) (PE2y — PE3y)
= (dn(Biy — PE3y) + Ar1y) (PE2x — PE3x)
S =max{dr, |fr1ix — pE3x|s |11y — PE3yl
|pE2x — PE3x|s [PE2y — PE3y1}
eAsEE =8.881784197001255 10~ 5}
eALEE =3.197724203485299 107453

eaTEE =1.0409451078885486 101255
orient2d_XY_IIE(pr1, P12, PE3) = sign(A)sign(dy)sign(drz)
A =(dr (Brix — pE3x) + A11x) (dr2(Br2y — pE3y) + A12y)
= (dn(Bry — PE3y) + Aniy) (dr2(Brax — pE3x) + Ar2x)
Sa =max{dy1, Or2, |Brix — PE3xls |Br1y — PE3yl,

|Brox — pE3x|s |Bray — pE3yl}
€ASSE =5.684341886080809 1071454
eaLsE =1.918578143578212 10~ 357
EATSE =5.314859663485564 107125,
eALLE =6.750832531876594 10~ 1355
eATLE =1.7707333863081813 10”115,
eATTE =4.189644187135872 107105}

A =(dr3(dnn (Brix — Br3x) + Anix) — dnilrsx)
(dr3(dr2(Pray = Br3y) + Arzy) — dr2Ar3y)
— (di3(dn(Priy — Prsy) + Ary) — dnihisy)
(dr3(dr2(Brax — Brax) + Arzx) — draArsx)
Sa =max{dr1, 812 813, | Prix — Praxl: 1Priy — Prsyl
|Prox — Prsxl: P12y — Prayl}
ensss =8.455458555545215 1071350
EALSS =2.746382982143922 10*12(%1
EATSS =5.881872766622135 10—11%4
eALLs =9.152602287176878 10125,
eaTLS =1.9107143645058585 10—10535
EATTS =3.771219780901469 10‘9(%3
eALLL =9.823293567468065 10*11(%4
eaTLL =1.968414466146938 10—9517
EATTL =3.784163138398379 10*8520
eaTTT =1.1310143236187382 107°55°

3 POINT COMPARE

We list the expression and semi-static filters for the pointCompare
predicate. The longestAxis predicate has similar expressions and
semi-static filters with pointCompare predicate to prevent degener-
ation on the selected axis.
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pointCompare_X_IE(psi, pr2) = sign(A)sign(dr)
A =dn (Brix — pE2x) + Anix
da =max{dr1, |Brix — pE2x|}
eASE =3.108624468950439 1071253
eALE =1.2879996548476053 10~ 145}
eATE =4.680700271819666 10125}
pointCompare_X_II(pyy, pr2) = sign(A)sign(dr)sign(drz)
A =dpdp(Brix — Prax) + Anxdrz — Araxdnn
da =max{d1, 812, | Brix — Prax|}
eass =1.6431300764452333 1071453
eALs =6.084585960075558 10~ 1454
eaTs =1.6022738691390292 107253
eALL =2.20746164403263 10725}
eATL =5.27253154330999 101250
eaTT =1.0712852827055069 107105,
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